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Abstract

Various optimality properties of universal sequence prediction based on Bayesmixtures in general, and Solomonoff’s prediction scheme in particular will be studied. The probability of observing xt at time t, given past observations x1 ...xt−1 can
be computed with Bayes’ rule if the true generating distribution µ of the sequences
x1 x2 x3 ... is known. If µ is unknown, but known to belong to a class M one can base
ones prediction on the Bayes-mix ξ defined as a wν weighted sum of distributions
ν ∈ M. The number of additional prediction errors Eξ made by the optimal universal prediction scheme based on ξ minus the number ofp
errors Eµ of the optimal
informed prediction scheme based on µ is bounded by O( Eµ ). We show that the
bound is tight and that no other predictor can lead to smaller bounds. Furthermore, for various performance measures we show Pareto-optimality of ξ in the sense
that there is no other predictor which performs better or equal in all environments
ν ∈M and strictly better in at least one. So, optimal predictors can (w.r.t. to most
performance measures in expectation) be based on the mixture ξ. Finally we give
an Occam’s razor argument that Solomonoff’s choice wν ∼ 2−K(ν) for the weights is
optimal, where K(ν) is the length of the shortest program describing ν.
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1

Introduction

The universal prior: Most inductive inference problem can be brought into the following form: Given a string x1 x2 ...xt−1 , take a guess at its continuation xt . We will assume
that the strings which have to be continued are drawn from a probability1 distribution µ.
The maximal prior information a prediction algorithm can possess is the exact knowledge
of µ, but in many cases the true distribution is not known. Instead, the prediction is
based on a guess ρ of µ. We expect that a predictor based on ρ performs well, if ρ is close
to µ or converges, in a sense, to µ. Let M := {µ1 ,µ2 ,...} be a finite or countable set of
candidate probability distributions on strings. We define a weighted average on M.
ξ(x1 ...xn ) :=

X
ν∈M

wν ·ν(x1 ...xn ),

X

wν = 1,

wν > 0.

(1)

ν∈M

It is easy to see that ξ is a probability distribution as the weights wν are positive and
normalized to 1 and the ν ∈M are probabilities.2 We call ξ universal relative to M, as it
multiplicatively dominates all distributions in M
ξ(x1 ...xn ) ≥ wν ·ν(x1 ...xn ) for all ν ∈ M.

(2)

In the following, we assume that M is known and contains the true distribution, i.e.
µ ∈ M. In this work we show that predictors based on the Bayes-mix ξ in general, and
Solomonoff’s prediction scheme in particular are optimal w.r.t. various criteria. Furthermore we show that the error and loss bounds derived here and in [Hut01a, Hut01b, Hut02]
are tight.

Contents: Apart from introducing notation we briefly discuss in Section 2 convergence
and representation of the universal posterior ξ(xt |x1 ...xt−1 ), Solomonoff’s choice of M and
wµ , and the case µ 6∈ M. Previous bounds on the total expected number of errors E Θξ of
the universal predictor Θξ in terms of total expected number of errors E Θµ of the optimal
informed scheme Θµ are slightly improved in Section 3. In Section 4 we show that these
improved bounds are optimal in the sense that there are M and µ ∈ M and weights wν
such that the derived error bounds are tight. Although also no other predictor can lead
to better bounds there could still be a predictor with never larger error than E Θξ and
smaller error for some µ. In Section 5 we show that there is no such predictor, proving
ξ optimal in a Pareto-sense. Optimal predictors (w.r.t. to most performance measures
in expectation) can be based on a mixture distributions ξ. This still leaves open how to
choose the weights. In Section 6 we give an Occam’s razor argument that Solomonoff’s
choice wν ∼2−K(ν) is optimal, where K(ν) is the length of the shortest program describing
ν.
1

This includes deterministic environments, in which case the probability distribution µ is 1 for some
sequence x1:∞ and 0 for all others. We call probability distributions of this kind deterministic.
2
The weight wν may be interpreted as the initial belief in ν and ξ(x1 ...xn ) as the degree of belief in
x1 ...xn . If the existence of true randomness is rejected on philosophical grounds one may consider M
containing only deterministic environments. ξ still represents belief probabilities.
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What is new? Theorem 3 on lower error bounds, Theorems 5, 6 and 7 on Paretooptimality, and Theorem 8 on the optimal choice of weights are new. The error bound
in Theorem 2 slightly improves [Hut01a]. The convergence Theorem 1 is a known result
[Sol78, LV97, Hut01a].
Introductory references: There are good reviews/papers/books of Solomonoff sequence prediction [LV97], inductive inference [AS83, Sol97] in general, MDL and reasoning
under uncertainty [Grü98], worst case (WM) approaches [CB97], Bayesian prediction approaches [HB92], and competitive online statistics [Vov99], which contain many further
references.

2

Setup and Convergence

Notation: We denote strings over a finite alphabet X by x1 x2 ...xn with xt ∈ X . We
abbreviate xn:m := xn xn+1 ...xm−1 xm and x<n := x1 ...xn−1 . We use Greek letters for probability distributions/measures, especially ρ for arbitrary ones, µ ∈ M for the true (generating) one, ν ∈ M for arbitrary ones in M, and ξ for the mixture (1). Let ρ(x1:t ) be the
probability that an (infinite) sequence starts with x1 ...xt . The conditional ρ probability
ρ(xt |x<t )=ρ(x1:t )/ρ(x<t ) that a given string x1 ...xt−1 is continued by xt is obtained by using Bayes’ rule. The prediction schemes will be based on these posteriors. We abbreviate
expectations w.r.t. xt , x1:n , and x<t by
Et [..] :=

X

µ(xt |x<t )[..],

X

E1:n [..] :=

µ(x1:n )[..],

E<t [..] :=

x1:n ∈X n

xt ∈X

X

µ(x<t )[..]

x<t ∈X t−1

Expectations E are always taken w.r.t. the true distribution µ. E1:n = E<n En by Bayes’
rule. We abbreviate “with µ probability 1” by w.µ.p.1. Finally, we use the relative entropy
and the Euclidian distance to measure the instantaneous and total distances between µ
and ξ:
dt (x<t ) := Et ln
st (x<t ) :=

X

µ(xt |x<t )
,
ξ(xt |x<t )

Dn :=

n
X

E<t dt (x<t ) = E1:n ln

t=1

2

µ(xt |x<t ) − ξ(xt |x<t ) ,

xt

Sn :=

n
X

µ(x1:n )
ξ(x1:n )

E<t st (x<t )

(3)
(4)

t=1

Theorem 1 (Convergence) Let there be sequences x1 x2 ... over a finite alphabet X
drawn with probability µ(x1:n ) for the first n symbols. The universal conditional probability ξ(xt |x<t ) of the next symbol xt given x<t is related to the true conditional probability
µ(xt |x<t ) in the following way:
n
X
t=1

E<t

X

2

µ(xt |x<t ) − ξ(xt |x<t )

≡ Sn ≤ Dn ≤ ln wµ−1 < ∞

xt

where dt and Dn are the relative entropies (3), and wµ is the weight (1) of µ in ξ.
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A proof for binary alphabet can be found in [Sol78, LV97] and for general finite alphabet
in [Hut01a]. The finiteness of S∞ implies ξ(x0t |x<t )−µ(x0t |x<t ) → 0 for t → ∞ w.µ.p.1 for
any x0t . This convergence motivates the belief that predictions based on (the known) ξ are
asymptotically as good as predictions based on (the unknown) µ with rapid convergence.
Universal posterior probability distribution: All prediction schemes in this work
are based on the conditional probabilities ρ(xt |x<t ). It is possible to express also the
conditional probability ξ(xt |x<t ) as a weighted average over the conditional ν(xt |x<t )
similarly to (1), but now with time dependent weights:
ξ(xt |x<t ) =

X
ν∈M

wν (x<t )ν(xt |x<t ),

wν (x<t ) := wν

ν(x<t )
.
ξ(x<t )

(5)

This representation can be proven by dividing (1) by ξ(x<t ) and applying Bayes’ rule.
The expressions (5) can be used to give an intuitive, but non-rigorous, argument why
ξ(xt |x<t ) converges to ν(xt |x<t ): The weight wν of ν in ξ increases/decreases if ν assigns
a high/low probability to the new symbol xt , given x<t . For a µ-random sequence x1:t ,
µ(x1:t )  ν(x1:t ) if ν (significantly) differs from µ. We expect the total weight for all
ν consistent with µ to converges to 1, and all other weights converge to 0 for t → ∞.
Therefore we expect ξ(xt |x<t ) to converge to µ(xt |x<t ) for µ-random strings x1:n . In this
form one sees how µ is “learned”.
The case where µ 6∈ M: In the following we discuss two cases, where µ 6∈ M, but most
parts of this work still apply. Actually all theorems remain valid for µ being a finite linear
P
combination µ(x1:n ) = i∈L vν ν(x1:n ) of µ’s in L ⊆ M. Dominance ξ(x1:n ) ≥ wµ ·µ(x1:n )
is still ensured with wµ := mini∈L wvνν ≥ mini∈L wν . More general, if µ is an infinite linear
combination, dominance is still ensured if wν itself dominate vν in the sense that wν ≥αvν
for some α > 0 (then wµ ≥ α).
Another possibly interesting situation is when the true generating distribution µ 6∈ M,
but a “nearby” distribution µ̂ with weight wµ̂ is in M. If we measure the distance of µ̂ to
P
1:n )
µ with the Kullback Leibler divergence Dn (µ||µ̂) := x1:n µ(x1:n )ln µ(x
and assume that
µ̂(x1:n )
it is bounded by a constant c, then
Dn = E1:n ln

µ(x1:n )
µ̂(x1:n )
µ(x1:n )
= E1:n ln
+ E1:n ln
≤ ln wµ̂−1 + c.
ξ(x1:n )
ξ(x1:n )
µ̂(x1:n )

So Dn ≤ lnwµ−1 remains valid if we define wµ := wµ̂ ·e−c . See [Grü98] for a more detailed
discussion of this case in a related context.
Probability classes M: For finite M a possible choice for the w is to give all ν equal
1
weight (wν = |M|
). In the following, we assume that M is known and contains the true
distribution, i.e. µ ∈ M . This is not a serious constraint if we include all computable
probability distributions in M with a high weight assigned to simple ν. Solomonoff’s
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universal semi-measure is obtained if we take M to be the (multi)set enumerated by a
Turing machine which enumerates all enumerable semi-measures and take weights wν ∼
2−K(ν) , where K(ν) is the length of the shortest program for ν [Sol64, Sol78, LV97].
A discussion of various general purpose choices for M is given in [Hut01a]. From a
constructive point of view the set containing all (finitely or asymptotically or semi-)
computable ν is sufficiently rich. In Section 6 we give an Occam’s razor argument that
the choice wν ∼ 2−K(ν) is not only good, but optimal.
If ξ is itself in M, it is called a universal element of M [LV97]. As we do not need this
property here, M may be any finite or countable set of distributions. In the following we
consider generic M and w. Continuous classes M are considered in a companion paper
[Hut02].

3

Error & Loss Bounds

We start with a very simple performance measure: making a wrong prediction counts
as one error, making a correct prediction counts as no error. So the strategy Θµ which
predicts the xt given x<t which maximizes the posterior probability µ(xt |x<t ) minimizes
the expected number of errors. More generally, let Θρ be a prediction scheme predicting
Θ
xt ρ := argmaxxt ρ(xt |x<t ) for some distribution ρ.
The µ probability of making a wrong prediction for the tth symbol and the total µ-expected
number of errors in the first n predictions of predictor Θρ are
Θ

Θ

et ρ (x<t ) := 1 − µ(xt ρ |x<t ) ,

EnΘρ :=

n
X

Θ

E<t et ρ (x<t ).

(6)

t=1

If µ is known, Θµ is obviously the best prediction scheme in the sense of making the least
number of expected errors
EnΘµ ≤ EnΘ for any Θ,
(7)
where Θ is any prediction scheme. Of special interest is the universal predictor Θξ for
which the following error bound can be shown.
Theorem 2 (Error bound) Let there be sequences x1 x2 ... over a finite alphabet X
drawn with probability µ(x1:n ) for the first n symbols. The Θρ -system predicts by defiΘ
Θ
nition xt ρ ∈ X from x<t , where xt ρ maximizes ρ(xt |x<t ). Θξ is the universal prediction
scheme based on the universal prior ξ. Θµ is the optimal informed prediction scheme.
Θ
The total µ-expected number of prediction errors En ξ and EnΘµ of Θξ and Θµ as defined
in (6) are bounded in the following way
0 ≤

EnΘξ

−

EnΘµ

≤

q

Θ
Θ
2(En ξ +En µ )Sn

≤ Sn +

q

Θ
4En µ Sn

+

Sn2

q

Θ

≤ 2Sn + 2 En µ Sn

where Sn ≤Dn ≤lnwµ−1 . Sn is the squared distance (4), Dn is the relative entropy (3), and
wµ is the weight (1) of µ in ξ.
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The first bound actually contains En ξ on the r.h.s., so it is not particularly useful, but this
is the major bound we will prove, the others follow easily. Furthermore it has a somewhat
nicer, more symmetric structure than the second bound. In Section 4 we show that the
second bound is optimal. The last bound, which we discuss in the following, has the same
Θ
asymptotics as the second bound. First, we observe that the number of errors E∞ξ of the
universal Θξ predictor is finite if the number of errors E∞Θµ of the informed Θµ predictor
is finite. For more complicated probabilistic environments, where even the ideal informed
Θ
system makes an q
infinite number of errors, the Theorem ensures that the regret En ξ −EnΘµ
Θ

is only of order En µ , since Sn ≤ lnwµ−1 = const. The Theorem shows that the ratio
Θ
converges to 1, and also gives the speed of convergence En ξ /EnΘµ = 1+O((EnΘµ )−1/2 ) → 1
for EnΘµ → ∞. See [Hut01a] for a more detailed discussion.

The bounds given here are only a slight improvement over the bounds obtained in
[Hut01a]. The proof is somewhat nicer, but the significance of this improvement stems
from the fact that the new (second) bound is tight (cannot be improved in general) for
finite n (i.e. even non-asymptotically).
Proof: The first inequality in Theorem 2 has already been proven (7). For the second
inequality, let us start more modestly and try to find constants A > 0 and B > 0 that
satisfy the linear inequality
EnΘξ − EnΘµ ≤ A(EnΘξ + EnΘµ ) + BSn .

(8)

If we could show
Θ

Θ

Θ

Θ

et ξ (x<t ) − et ξ (x<t ) ≤ A[et ξ (x<t ) + et µ (x<t )] + Bst (x<t )

(9)

for all t≤n and all x<t , (8) would follow immediately by summation and the definition of
En and Sn . With the abbreviations
X = {1, ..., N },

N = |X |,

yi = µ(xt |x<t ),

i = xt ,

Θ

m = xt µ ,

Θ

s = xt ξ ,

zi = ξ(xt |x<t )
Θ

Θ

the various error functions can then be expressed by et ξ = 1−ys , et µ = 1−ym and st =
P
2
i (yi −zi ) . Inserting this into (9) we get
ym −ys ≤ A[2−(ym +ys )] + B

N
X

(yi − zi )2 .

(10)

i=1
Θ

Θ

By definition of xt µ and xt ξ we have ym ≥ yi and zs ≥ zi for all i. We prove a sequence of
inequalities which show that
B

N
X

(yi − zi )2 + A[2−(ym +ys )] − (ym −ys ) ≥ ...

(11)

i=1

is positive for suitable A ≥ 0 and B ≥ 0, which proves (10). For m = s (11) is obviously
positive. So we will assume m 6= s in the following. From the square we keep only
contributions from i = m and i = s.
... ≥ B[(ym −zm )2 + (ys −zs )2 ] + A[2−(ym +ys )] − (ym −ys ) ≥ ...
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By definition of y, z, M and s we have the constraints ym +ys ≤ 1, zm +zs ≤ 1, ym ≥ ys ≥ 0
and zs ≥ zm ≥ 0. From the latter two it is easy to see that the square terms (as a function
of zm and zs ) are minimized by zm = zs = 12 (ym +ys ). Furthermore, we define x := ym −ys
and replace (ym +ys ) by 1.
1
Bx2
2

... ≥

+ A − x ≥ ...

(12)

(12) is quadratic in x and minimized by x∗ = B1 . Inserting x∗ gives
... ≥ A −

1
≥ 0 for 2AB ≥ 1.
2B

(13)

1
Inequality (8) therefore holds for any A > 0, provided we insert B = 2A
. Thus we might
minimize the r.h.s. of (8) w.r.t. A leading to the upper bound

EnΘξ − EnΘµ ≤

q

Θ

Θ

2(En ξ + En µ )Sn

A2 =

for

Sn
Θ
2(En ξ

(14)

Θ

+ En µ )

which is the first bound in Theorem 2. For the second bound we have to prove
q

Θ
Θ
2(En ξ +En µ )Sn

− Sn ≤

q

Θ

4En µ Sn + Sn2

(15)

If we square both sides of this expressions and simplify we just get (14). Hence, (14)
implies (15). The last inequality in Theorem 2 is a simple triangle inequality. This
completes the proof of Theorem 2 u
t.
Note that also the second bound implies the first one:
EnΘξ − EnΘµ ≤
⇔

q

Θ

Θ

2(En ξ +En µ )Sn

⇔

(EnΘξ −EnΘµ −Sn )2 ≤ 4EnΘµ Sn + Sn2

(EnΘξ −EnΘµ )2 ≤ 2(EnΘξ +EnΘµ )Sn
⇔

EnΘξ − EnΘµ − Sn ≤

q

⇔

Θ

4En µ Sn + Sn2

Θ

where we only have used En ξ ≥ EnΘµ . Nevertheless the bounds are not equal.

General loss function: The setup and result can be generalized to arbitrary loss functions. Let `xt yt ∈ IR be the received loss when predicting yt , but xt is the actual outcome.
The error function of the previous subsection is a special case which assigns unit loss to an
erroneous prediction (`xt yt =1 for xt 6= yt ) and no loss to a correct prediction (`xt xt =0). The
true probability of the next symbol being xt , given x<t , is µ(xt |x<t ). The expected loss
when predicting yt is Et `xt yt . The goal is to minimize the expected loss. More generally
we define the Λρ prediction scheme
Λ

yt ρ := arg min

X

yt ∈Y x
t

ρ(xt |x<t )`xt yt

(16)
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which minimizes the ρ-expected loss. 3 As the true distribution is µ, the actual µ-expected
loss when Λρ predicts the tth symbol and the total µ-expected loss in the first n predictions
are
Λ

lt ρ (x<t ) := Et `xt yΛρ

LnΛρ :=

,

t

n
X

Λ

E<t lt ρ (x<t ).

(17)

t=1

Let Λ be any (causal) prediction scheme (deterministic or probabilistic does not matter)
with no constraint at all, predicting any ytΛ ∈Y with losses ltΛ and LΛn similarly defined as
(17). If µ is known, Λµ is obviously the best prediction scheme in the sense of achieving
minimal expected loss
LΛn µ ≤ LΛn for any Λ
(18)
The following loss bound for the universal Λξ predictor is proven in the companion paper
[Hut02].
0 ≤ LΛn ξ − LΛn µ ≤ Dn +

q

Λ

q

Λ

4Ln µ Dn + Dn2 ≤ 2Dn + 2 Ln µ Dn

(19)

The loss bounds have the same form as the error bounds when substituting Sn ≤ Dn
in Theorem 2. One can show that (19) with Dn replaced by Sn gives an invalid bound,
so the general bound is slightly weaker. Example loss functions including the absolute,
square, logarithmic, and Hellinger loss are discussed in [Hut02]. Instantaneous error/loss
bounds are also be proven:
Θµ
eΘ
n (x<t ) − en (x<t ) ≤

4

q

2st (x<t ),

lnΛ (x<t ) − lnΛµ (x<t ) ≤

q

2dt (x<t ).

Lower Error Bound

We want to show that there exists a class M of distributions such that any predictor
Θ not knowing from which distribution µ ∈ M the observed sequence is sampled from
must make some minimal additional number of errors as compared to the best informed
predictor Θµ . For deterministic environments a lower bound can easily be obtained by
a combinatoric argument. Consider a class M containing 2n binary sequences such that
each prefix of length n occurs exactly once. Assume any deterministic predictor Θ (not
knowing the sequence in advance), then for every prediction xΘ
t of Θ at times t ≤ n there
Θ
Θ
exists a sequence with opposite symbol xt = 1−xt . Hence, E∞ ≥ EnΘ = log2 |M| is a lower
worst case bound for every predictor Θ, (this includes Θξ , of course). The upper bound
Θ
Θµ
E∞ξ ≤ 2ln|M| from Theorem 2 (obtained by inserting E∞
= 0 and Dn ≤ ln|M|) is not
Θξ
sharp but can easily improved to E∞ ≤log2 |M| for deterministic environments, matching
the lower bound. In the general probabilistic case we can show by a similar argument
that the upper bound of Theorem 2 is sharp.
3

argminy (·) is defined as the y which minimizes the argument. A tie is broken arbitrarily. In general,
Λ
the prediction space Y is allowed to differ from X . If Y is finite, then yt ρ always exists. For infinite action
Λρ
space Y we assume that a minimizing yt ∈ Y exists, although even this assumption may be removed.
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Theorem 3 (Lower Error Bound) Let Θ be any deterministic predictor not knowing
from which distribution µ ∈ M the observed sequence x1 x2 ... is sampled from. Θ knows
(depends on) M and has at time t access to the previous outcomes x<t . Then there is for
every n an M and µ ∈ M and weights wν such that
eΘ
n

−

µ
eΘ
n

=

q

EnΘ

2st (x<t ) and

−

EnΘµ

= Sn +

q

Θ

4En µ Sn + Sn2

where EnΘ and EnΘµ are the total expected number of errors of Θ and Θµ , and st and Sn
are defined in (4). The equalities especially hold for the universal predictor Θξ .
Proof: The proof parallels and generalizes the deterministic case. Consider a class M
of 2n distributions (over binary alphabet) indexed by a ≡ a1 ...an ∈ {0,1}n . For each t we
want a distribution with posterior probability 21 (1+ε) for xt = 1 and one with posterior
probability 21 (1−ε) for xt = 1 independent of the past x<t with ε > 0 to be determined
later. That is
(1

µa (x1 ...xn ) = µa1 (x1 ) · ... · µan (xn ),

where µat (xt ) =

(1 + ε) for at = xt
− ε) for at 6= xt

2
1
(1
2

We are not interested in predictions beyond time n but for completeness we may define
µa to assign probability 1 to xt = 1 for all t > n. If µ = µa , the informed scheme Θµ always
Θ
predicts the bit which has highest µ-probability, i.e. yt µ = at
Θ

Θ

et µ = 1 − µat (yt µ ) = 21 (1 − ε)

=⇒

=⇒

EnΘµ = n2 (1 − ε).

Since EnΘµ is the same for all a we seek to maximize EnΘ for a given predictor Θ in the
following. Assume Θ predicts ytΘ (possibly depending on the history x<t ). Since we want
lower bounds we seek for a worst case µ. A success ytΘ =xt has lowest possible probability
1
(1−ε) if at = 1−ytΘ .
2
=⇒

Θ
1
eΘ
t = 1 − µat (yt ) = 2 (1 + ε)

=⇒

EnΘ = n2 (1 + ε).

Θ

µ
Θ
Θµ
So we have eΘ
t −et = ε and En −En = nε for the regrets. We need to eliminate n and ε
in favor of st , Sn , and EnΘµ . If we assume uniform weights wµa = 2−n for all µa we get

ξ(x1:n ) =

X

wµa µa (x1:n ) = 2−n

a

n
Y

X

µat (xt ) = 2−n

t=1 at ∈{0,1}

n
Y

1 = 2−n ,

t=1

i.e. ξ is an unbiased Bernoulli sequence (ξ(xt |x<t ) = 21 ).
=⇒

st (x<t ) =

X
xt

1 2
ε
2

and Sn = n2 ε2 .

√
Θ
Θ
2st which proves the instantaneous regret formula eq
− et µ = 2st .
t
q
√
√
√
Θ
Inserting ε = n2 Sn into EnΘµ and solving w.r.t. 2n we get 2n = Sn + 4En µ +Sn . So
we finally get
q
q √
Θ
Θ
Θµ
En − En = nε = Sn 2n = Sn + 4En µ Sn + Sn2

So we have ε =

√

( 12 − µat (xt ))2 =

10
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which proves the total regret formula of Theorem 3. u
t
Since dt /st = 1+O(ε2 ) we have Dn /Sn → 1 for ε → 0. Hence the error bound of Theorem
2 with Sn replaced by Dn is asymptotically tight for EnΘµ /Dn → ∞ (which implies ε →
0). This shows that without restrictions on the loss function which exclude the error
loss, the loss bounds (19) are asymptotically tight. An n independent set M leading
to a good (but not tight) lower bound is M = {µ1 ,µ2 } with µ1/2 (1|x<t ) = 21 ± εt with
q
√
Θ
εt = min{ 12 , lnwµ−1
/ tlnt}. For wµ1  wµ2 and n → ∞ one can show that En ξ −EnΘµ ∼
1
1
lnn

q

Θ

En µ Dn .

5

Pareto Optimality of ξ

In this subsection we want to establish a different kind of optimality property of ξ. Let
F(µ,ρ) be any of the performance measures of ρ relative to µ considered in the previous
sections (e.g. st , or Dn , or Ln , ...). It is easy to find ρ more tailored towards µ such that
F(µ,ρ)<F(µ,ξ). This improvement may be achieved by increasing wµ , but probably at the
expense of increasing F for other ν, i.e. F(ν,ρ)>F(ν,ξ) for some ν ∈M. Since we do not
know µ in advance we may ask whether there exists a ρ with better or equal performance
for all ν ∈ M and strictly better performance for one ν ∈ M. This would clearly render
ξ suboptimal w.r.t. to F. We show that there is no such ρ for all performance measures
studied in this work.
Definition 4 (Pareto Optimality) Let F(µ,ρ) be any performance measure of ρ relative to µ. The universal prior ξ is called Pareto-optimal w.r.t. F if there is no ρ with
F(ν,ρ) ≤ F(ν,ξ) for all ν ∈ M and strict inequality for at least one ν.

Theorem 5 (Pareto Optimality) The universal prior ξ is Pareto-optimal w.r.t. the
instantaneous and total squared distances st and Sn (4), entropy distances dt and Dn (3),
errors et and En (6), and losses lt and Ln (17).
Proof: We first proof Theorem 5 for the instantaneous expected loss lt . We need the
more general ρ expected instantaneous losses
Λ
ltρ
(x<t ) :=

X
xt

ρ(xt |x<t )`xt ytΛ

(20)

for a predictor Λ. We want to arrive at a contradiction by assuming that ξ is not ParetoΛ
Λ
≤ ltνξ for all ν ∈ M and
optimal, i.e. by assuming the existence of a predictor4 Λ with ltν
4

According to definition 4 we should look for a ρ, but for each deterministic predictor Λ there exists
a ρ with Λ = Λρ .
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Λ
strict inequality for some ν. Implicit to this assumption is the assumption that ltν
and
Λξ
Λ
ltν exist. ltν exists iff ν(xt |x<t ) exists iff ν(x<t ) > 0 iff wν (x<t ) > 0.
Λ
ltξ
=

X

Λ
wν (x<t )ltν
<

X

Λ

Λ

Λ
wν (x<t )ltνξ = ltξξ ≤ ltξ

ν

ν

The two equalities follow from inserting (5) into (20). The strict inequality follows from the
assumption and wν (x<t ) > 0. The last inequality follows from the fact that Λξ minimizes
Λ
Λ
<ltξ
proves
by definition (16) the ξ-expected loss (similarly to (18)). The contradiction ltξ
Pareto-optimality of ξ w.r.t. lt .
In the same way we can prove Pareto-optimality of ξ w.r.t. the total loss Ln by defining
the ρ expected total losses
LΛnρ :=

n X
X

Λ
ρ(x<t )ltρ
(x<t ) =

t=1 x<t

n X
X
t=1 x1:t

ρ(x1:t )`xt ytΛ

(21)

Λ

for a predictor Λ, and by assuming LΛnν ≤ Lnνξ for all ν and strict inequality for some ν,
P
P
Λ
Λ
from which we get the contradiction LΛnξ = ν wν LΛnν < ν wν Lnνξ =Lnξξ ≤LΛnξ with the help
of (1). The instantaneous and total expected errors et and En can be considered as special
loss functions.
Pareto-optimality of ξ w.r.t. st (and hence Sn ) can be understood from geometrical insight.
A formal proof for st goes as follows: With the abbreviations i = xt , yνi = ν(xt |x<t ),
zi = ξ(xt |x<t ), ri = ρ(xt |x<t ), and temporarily wν = wν (x<t ) ≥ 0 we ask for a vector r with
P
P
2
2
i (yνi −ri ) ≤ i (yνi −zi ) ∀ν. This implies
0 ≥

X

=

X

=

X

wν

hX

wν

hX

ν

ν

(yνi −ri )2 −

X

i

i

(yνi −zi )2 =

i

−2yνi ri +

ri2

i

+ 2yνi zi − zi2 =

i

−2zi ri + ri2 + 2zi zi − zi2 =

i

X

(ri −zi )2 ,

i

where we have used ν wν = 1 and ν wν yνi = zi (5). i (ri −zi )2 ≤ 0 implies r = z proving
P
unique Pareto-optimality of ξ w.r.t. st . Similarly for dt the assumption i yνi ln yrνii ≤
P
yνi
i yνi ln zi ∀ν implies
P

0 ≥

X
ν

wν

hX
i

yνi ln

P

P

X
X
X
yνi
yνi i
zi
zi
− yνi ln
=
wν
yνi ln
=
zi ln
≥ 0
ri
zi
ri
ri
ν
i
i

which implies r=z proving unique Pareto-optimality of ξ w.r.t. dt . The proofs for Sn and
Dn are similar. u
t
We have proven that ξ is uniquely Pareto-optimal w.r.t. st , Sn , dt and Dn . In the case of
et , En , lt and Ln there are other ρ6= ξ with F(ν,ρ)=F(ν,ξ)∀ν, but the actions/predictions
Λ
Λ
they invoke are unique (yt ρ = yt ξ ) (if ties in argmaxyt are broken in a consistent way),
and this is all what counts.
For all measures which are relevant from a decision theoretic point of view, i.e. for all loss
functions lt and Ln , ξ has the welcomed property of being Pareto-optimal, but ξ is not
Pareto-optimal w.r.t. to all thinkable performance measures.
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Theorem 6 ((Non)Pareto-optimality) ξ is Pareto-optimal w.r.t.
• the α-norm ||·||α for α ≥ 1,
• positive linear combinations of αi -norms with all αi ≥ 1,
• a power of F if Pareto-optimal w.r.t. F, i.e. esp. w.r.t. ||·||αα .
ξ is (in general) not Pareto-optimal w.r.t.
• the α-norm ||·||α for α < 1,
• positive linear combinations of ||·||ααii with all αi ≥ 1.
• positive linear combinations of Fi even if Pareto-optimal w.r.t. all Fi .
Intuition on this problem can be gained by considering probability vectors x,y,z,v ∈ ∆ ⊂
IR3 , where ∆ is the 2d probability triangle, and z = wx+(1−w)y is a mixture of x and
y. Consider the sets Mx := {r : F(x,r) ≤ F(x,z)} and analogously My . Mx ∩My is not
empty; it contains z. If Mx ∩My has an interior, then z is not Pareto-optimal. Visualize
the 1d boundaries of the 2d areas Mx and My qualitatively for the various performance
measures F. This gives some intuition of how to prove Pareto-optimality and to construct
counter-examples. Proofs will be given elsewhere.
Pareto-optimality should be regarded as a necessary condition for a prediction scheme
aiming to be optimal. From a practical point of view a significant decrease of F for
many ν may be desirable even if this causes a small increase of F for a few other ν. The
impossibility of such a “balanced” improvement is a more demanding condition on ξ than
pure Pareto-optimality. The next theorem shows that Λξ is also balanced-Pareto-optimal.
We only consider the performance measure Ln and suppress the index n for convenience.
Theorem 7 (Balanced Pareto Optimality w.r.t. L)
∆ν := LΛ̃ν − LΛν ξ ,

∆ :=

X

⇒

wν ∆ν

∆ ≥ 0.

ν∈M

This implies the following: Assume Λ̃ has larger loss than Λξ on environments L by a total
P
weighted amount of ∆L := λ∈L wλ ∆λ . Then Λ̃ can have smaller loss on η ∈H:=M\L, but
P
the improvement is bounded by ∆H :=| η∈H wη ∆η |≤∆L . Especially |∆η |≤wη−1 maxλ∈L ∆λ .
This means that a weighted loss decrease ∆H by using Λ̃ instead of Λξ is compensated by
an at least as large weighted increase ∆L on other environments. If the increase is small,
the decrease can also only be small. In the special case of only a single environment
with increased loss ∆λ , the decrease is bound by ∆η ≤ wwλη |∆λ |, i.e. an increase by an
amount ∆λ can only cause a decrease by at most the same amount times a factor wwλη . A
increase can only cause a smaller decrease in simpler environments, but a scaled decrease
in more complex environments. Finally note that pure Pareto-optimality (5) follows from
balanced Pareto-optimality in the special case of no increase ∆L ≡ 0.
Λ

Λ

Proof: ∆≥0 follows from ∆= ν wν [LΛ̃ν −Lν ξ ]=LΛ̃ξ −Lξ ξ ≥0, where we have used linearity
Λ
of Lρ in ρ and Lξ ξ ≤ LΛξ . The remainder of Theorem 7 is obvious from 0 ≤ ∆ = ∆L −∆H
and by bounding the weighted average ∆η by its maximum.u
t
P
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On the Optimal Choice of Weights

In the following we indicate the dependency of ξ on w explicitly by writing ξw . We
have shown that the Λξw prediction schemes are (balanced) Pareto optimal, i.e. that no
prediction scheme Λ (whether based on a Bayes mix or not) can be uniformly better.
Least assumptions on the environment are made for M which are as large as possible.
In Section 2 we have discussed the set M of all enumerable semimeasures which we
regarded as sufficiently large (see [Sch02] for even larger sets, but which are still in the
computational realm). Agreeing on this M still leaves open the question of how to choose
the weights (prior believes) wν , since every ξw with wν > 0∀ν is Pareto-optimal and leads
asymptotically to optimal predictions.
We have derived bounds for the mean squared sum Sn ≤ lnwµ−1 and for the loss excess
Λ

q

Lnνξw −LΛnνν ≤ 2 lnwν−1 +2 lnwν−1 LΛnνν . All bounds monotonically decrease with increasing
wν . So it is desirable to assign high weights to all ν ∈M. Due to the (semi)probability conP
straint ν wν ≤ 1 one has to find a compromise.5 In the following we will argue that in the
class of enumerable weight functions with short program there is an optimal compromise,
namely wν = 2−K(ν) which gives Solomonoff’s prior.
Consider the class of enumerable weight function V := {v(.) : M → IR+ with ν vν ≤ 1 and
K(v) = O(1)}. Let wν := 2−K(ν) and v(·) ∈ V. Corollary 4.3.1 of [LV97, p255] says that
K(x) ≤ −log2 P (x)+K(P )+O(1) for all x if P is an enumerable discrete semimeasure.
Identifying P with v and x with (the program index describing) ν we get
P

ln wν−1 ≤ ln vν−1 + O(1).
This means that the bounds for ξw depending on lnwν−1 are at most O(1) larger than the
bounds for ξv depending on lnvν−1 . So we lose at most an additive constant of order 1 in
the bounds when using ξw instead of ξv . In using Solomonoff’s prior ξw we are on the safe
side, getting (within O(1)) best bounds for all environments.
Theorem 8 (Optimality of universal weights) Within the set V of enumerable
weight functions with short program, the universal weights wν =2−K(ν) lead to the smallest
performance bounds within an additive (to lnwµ−1 ) constant in all enumerable environments.
Since this justifies the use of Solomonoff’s prior and Solomonoff’s prior assigns high probability to an environment if and only if it has low (Kolmogorov) complexity, one may
5
P All resultsPin this paperPhaven stated and proven for probability measures µ, ξ and wν , i.e.
x1:t ξ(x1:t ) =
x1:t µ(x1:t ) =
ν wν =
P1. On the other hand, the class M considered here is the class
of all enumerable semimeasures and ν wν < 1. In general, each of the following 4 items could be semi
(<) or not (=): (ξ, µ, M, wν ), where M is semi if some elements are semi. Six out of the 24 combinations
make sense. Convergence (1), the error bound (Theorem 2), the loss bound (19), as well as most other
statements hold for (<,=,<,<), but not for (<,<,<,<). Nevertheless, ξ → µ holds also for (<,<,<,<)
with maximal µ semi-probability, i.e. fails with µ semi-probability 0.
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interpret the result as a justification of Occam’s razor6 . But note that this is more of a
bootstrap argument, since we implicitly used Occam’s razor to justify the restriction to
enumerable semimeasures. We also considered only weight functions v with low complexity K(v) = O(1). What did not enter as an assumption but came out as a result is that
the specific universal weights wν = 2−K(ν) are optimal.
We want to conclude this chapter with a remark on Occam’s razor versus No Free Lunches.
We do not regard the (balanced) Pareto-optimality result as a “No Free Lunch” (NFL)
theorem [WM97]. Since most environments are completely random, a small concession on
the loss in each of these completely uninteresting environments provides enough margin
∆H to yield distinguished performance on the few non-random (interesting) environments.
Indeed, we would interpret the NFL theorems for optimization and search in [WM97] as
balanced Pareto-optimality results. Interestingly, whereas for prediction only Bayes-mixes
are Pareto-optimal, for search and optimization every algorithm is Pareto-optimal. There
is a strong religious war between believers in Occam’s razor and believers in no free lunches
which we cannot go into here [Sto01].

7

Conclusions

Various optimality properties of universal prediction based on Bayes-mixtures in general,
and Solomonoff’s prediction scheme in particular have been studied in this work. We
have shown that there are M and µ ∈ M and weights wν such that the error and loss
bounds derived in here and in [Hut01a, Hut01b] cannot be improved in general, i.e. without
making extra assumptions on `, M, or wν , and this is true for any µ independent predictor.
We have also shown Pareto-optimality of ξ in the sense that there is no other predictor
which performs better or equal in all environments ν ∈ M and strictly better in at least
one. Optimal predictors can (in most cases) be based on a mixture distributions ξ. Finally
we gave an Occam’s razor argument that Solomonoff’s choice wν =2−K(ν) for the weights,
where K(ν) is the length of the shortest program describing ν, is optimal. Of course,
optimality always depends on the setup, the assumptions, and the chosen criteria. For
instance, the universal predictor was not always Pareto-optimal, but at least for many
popular, and for all decision theoretic performance measures. Bayes predictors are also
not necessarily optimal under worst case criteria [CBL01]. See [Hut01b] for references and
further discussions on the duality between the Bayes and worst case (WM) approaches and
results, classification tasks, games of chances, infinite alphabet, active systems influencing
the environment ...
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The only if direction can be shown by a more easy and direct argument [Sch02].
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